Abstract. In this paper we study solitons on 3-dimensional manifolds. In particular, we show that 3-dimensional pseudo-symmetric gradient Ricci solitons and nontrivial gradient Yamabe solitons are locally isometric to either R 3 , S 3 , H 3 , R × S 2 or R × H 2 .
Introduction
The Ricci flow was introduced by Hamilton [23] to study compact three-manifolds with positive Ricci curvature. The Ricci solitons, as a generalization of the Einstein metrics, are self-similar solutions of Hamilton's Ricci flow.
A Riemannian manifold (M, g) is said to be a Ricci soliton if there exist λ ∈ R and V ∈ X(M ) such that
The Ricci soliton is said to be expanding, steady or shrinking according as λ > 0, λ = 0 or λ < 0, respectively. If the vector field V is the gradient of a smooth function f , i.e., V = ∇f then g is called a gradient Ricci soliton and the function f is called the potential function. In this case equation (1) reduces to (2) Hessf + Ric = λg,
where Hessf = ∇ 2 f [5] . The equation (2) links geometric information about the curvature of the manifold through the Ricci tensor and the geometry of the level sets of the potential function by means of their second fundamental form. For background on Ricci solitons, one can refer to [4, 11, 12] and references therein.
Gradient Ricci solitons have been studied more extensively in last decade. Petersen et al. [34] and Fernández-López et al. [19] studied steady and non-steady gradient Ricci solitons with constant scalar curvature.
Hamilton classified 2-dimensional shrinking gradient Ricci solitons with bounded curvature [22] . In dimension 3, Ivey proved compact shrinking gradient solitons have constant positive curvature [25] . Noncompact case was classified by Perelman [33] . It is shown that if M 3 is a shrinking Ricci soliton with bounded curvature, then it has non-negative sectional curvature [12] . Recently Ni et al. [32] and Naber [31] have given an alternative approach for 3-dimensional shrinking Ricci solitons. Four dimensional complete noncompact shrinking gradient Ricci soliton were studied by Naber [31] .
On a Riemannian manifold (M, g), the Yamabe flow is defined by
where r is the scalar curvature of M . R.S. Hamilton [22] introduced Yamabe flow to solve the Yamabe conjecture, saying that any metric is conformally equivalent to a metric with constant scalar curvature. The Yamabe solitons are special solutions of the Yamabe flow. A Riemannian manifold (M, g) is said to be a Yamabe soliton if g satisfies the equation
where X is a smooth vector field on M , L X is the Lie derivative along X and λ is a real constant. Similarly, a Yamabe soliton is said to be shrinking, steady or expanding if λ < 0, λ = 0 or λ > 0, respectively. If the vector field X is the gradient of a potential function f , then (M, g) is said to be a gradient Yamabe soliton and equation (3) reduces to
If the potential function f be non-constant, then M is called a nontrivial gradient Yamabe soliton. Symmetric spaces play a prominent role in differential geometry. Cartan initiated the study of Riemannian symmetric spaces and he introduced the notice of locally symmetric space, that is a Riemannian manifold for which the Riemannian curvature tensor R is parallel [7] . Levy showed that [30] in these spaces, the sectional curvature of every plane remains invariant under parallel transport of the plane along any curve. Ferus started the study of their extrinsic analog, called symmetric or parallel submanifolds and classified all such submanifolds in Euclidean spaces [20] . Semi-symmetric spaces, as a direct generalization of locally symmetric spaces, are the Riemannian manifolds that satisfy the condition R(X, Y ).R = 0, where X, Y ∈ X(M ) and R(X, Y ) acts as a derivation on R. Haesen et al. proved that in these spaces, the sectional curvature of every plane is invariant under parallel transport around any infinitesimal coordinate parallelogram [21] . The classification of semi-symmetric manifolds was described by Szabó [37, 38] . Thereafter, Deprez studied their extrinsic analog, called semi-symmetric or semi-parallel submanifolds and he obtained the classification of these hypersurfaces and surfaces in Euclidean spaces [14] .
Deszcz generalized the concept of semi-symmetry and introduced pseudosymmetric manifolds during the study of totally umbilical submanifolds of semisymmetric manifolds [1, 16, 17] . For more details and examples of pseudo-symmetric manifolds, one can refer to [3, 15] . 3-dimensional pseudo-symmetric manifolds of constant type have been studied by several authors beginning by Kowalski and Sekizawa [29, 28, 26, 27] . Hashimoto et al. [24] and Calvaruso [6] classified conformally flat pseudo-symmetric spaces of constant type for different dimensions. Cho et al. studied pseudo-symmetric contact homogeneous, quasi-Sasakians, generalized (κ, µ)-spaces and trans-Sasakians 3-manifolds [10] . Three-dimensional semisymmetric gradient Ricci soliton manifolds were studied by Cho and Park [8] . They proved that every 3-dimensional semi-symmetric manifold M admitting a gradient Ricci soliton is locally isometric to either
In this paper, we study 3-dimensional pseudo-symmetric manifolds that the metrics on them are special solitons and we classify these manifolds by proving the following Theorems.
Theorem 2. Every 3-dimensional nontrivial gradient Yamabe soliton pseudosymmetric manifold is locally isometric to either
R 3 , S 3 , H 3 , R × S 2 or R × H 2 .
Preliminaries
Let (M, g) is a 3-dimensional Riemannian manifold and ∇, R and S denote the Levi-Civita connection, the curvature operator and the Ricci operator of M , respectively.
For a symmetric (0, 2)-tensor field g on M and X, Y ∈ X(M ), we define the
For a (0, k)-tensor field T , k ≥ 1 and a (0, 4)-tensor R, the (0, k + 2) tensor fields R.T and Q(g, T ) are defined by [2, 15] (6)
respectively. A Riemannian manifold M is said to be pseudo-symmetric if the tensors R.R and Q(g, R) are linearly dependent at every point of M , i.e.,
where L is a smooth function on the set U = {x ∈ M : R − r n(n − 1) G = 0 at x} and the (0, 4)-tensor G is given by
. This is equivalent to
holding on the set U . The manifold M is called pseudo-symmetric of constant type if L is a constant. In particular, when L = 0, M is a semi-symmetric manifold.
Pseudo-symmetric gradient Ricci solitons
Let M 3 be a pseudo-symmetric manifold which is also a gradient Ricci soliton with a potential function f . Let {e i } is a local orthonormal frame field on M 3 and
where f i = g(∇f, e i ), i = 0, 1, 2. Since dimM = 3, for all X, Y, Z ∈ X(M ) we have the formula 
For a gradient Ricci soliton, the following formulas hold [18, 34] :
where ∆ f := ∆ − ∇ ∇f denotes the f -Laplacian. Proof of Theorem 1. We are going to prove that 3-dimensional pseudo-symmetric gradient Ricci solitons are semi-symmetric which is equivalent to L ≡ 0 on M and then the result follows from [8] . Assume for a contradiction there is q ∈ M which L(q) = 0. This holds on a small neighborhood U containing q. Since g can not be of constant curvature on a small open subset of U , then proposition 1 implies the eigenvalues of the Ricci operator S at q ∈ M be µ 1 = µ 2 := µ and µ 3 = 2L.
If, on a small open subset of U , µ = 2L and (µ, µ, µ), µ = 0 or (0, 0, 0) are the eigenvalues of the Ricci operator then the restriction of g to U is an Einstein space and µ is constant on U and on M . Therefore, M 3 has constant curvature and this is a contradiction. Now let µ = 2L and (µ, µ, 2L) are the eigenvalues of the Ricci operator. Then there is a local orthonormal frame field {e i } 2 i=0 around q such that Se 0 = 2Le 0 , Se i = µe i , i = 1, 2. Let
Direct calculation implies
R(e 1 , e 2 ) = (µ − L)e 1 ∧ e 2 , R(e 1 , e 0 ) = Le 1 ∧ e 0 , R(e 2 , e 0 ) = Le 2 ∧ e 0 ,
Ric(e i , e j ) = 0 f or i = j, Ric(e 1 , e 1 ) = Ric(e 2 , e 2 ) = µ, Ric(e 0 , e 0 ) = 2L, (∇ e0 R)(e 1 , e 2 ) = e 0 (µ − L)e 1 ∧ e 2 + (µ − 2L)B 010 e 0 ∧ e 2 + (µ − 2L)B 020 e 1 ∧ e 0 , (∇ e1 R)(e 2 , e 0 ) = e 1 (L)e 2 ∧ e 0 + (2L − µ)B 101 e 2 ∧ e 1 , (∇ e2 R)(e 0 , e 1 ) = e 2 (L)e 0 ∧ e 1 + (2L − µ)B 202 e 2 ∧ e 1 . The second Bianchi identity yields (19) (∇ e0 R)(e 1 , e 2 ) + (∇ e1 R)(e 2 , e 0 ) + (∇ e2 R)(e 0 , e 1 ) =
Putting X = e 0 , Y = e 1 in (12) and using (20) give
Similarly, for X = e i , Y = e 2 , i = 0, 1 we get
respectively. Comparing (21) and (22), we deduce
On the other hand, putting X = e i , i = 0, 1 and Y = e j , j = 0, 1, 2 in (11), gives
Also from (13) one can easily get
Lemma 1. The smooth function L on M is a non-constant function.
Proof. Assume that L is a constant function. Thus from (20) , (21) and (22), it follows that (30) B 010 = B 020 = 0,
Then (23), (25), (26) and (29) reduce to the following equations:
We note that f 0 = 0, because if f 0 = 0, (32) and (33) imply µ = 2L and this is a contradiction. Equation (14) together with (30) give
In view of (31), (34) and (35), it follows from (15) that
. Taking derivative of (36) with respect to e 0 and using (32) and (35), we obtain µ is constant which implies by (35) Lf 0 = 0 and this is a contradiction. Then L is a non-constant function.
Lemma 2. The eigenvalue µ of the Ricci operator S can not be zero.
Proof. If µ = 0 from equation (23) we have f 1 = f 2 = 0. Then (25) , (26) and (29) reduce (37) e 0 (f 0 ) = λ − 2L,
respectively. Also (20) , (21), (22) and (24) imply
By means of (37), (38) and µ = 2L, we get f 0 = 0. Using these results in (15) , it follows that f 2 0 + 2λ = 0. Taking derivative of last equation with respect to e 0 and using (37) give λ = 2L. Then L is constant which is impossible by lemma 1.
Then at each point, the Ricci tensor has nonzero eigenvalue of multiplicity 2 and according corollary 1, M 3 ≃ N 2 × R. Hence S has at least one zero eigenvalue and since µ = 0, we get L = 0 and this is a contradiction. Then this case can not occur and this complete the proof.
Pseudo-symmetry gradient Yamabe solitons
Let (M, g) be a 3-dimensional semi-symmetric manifold and (µ 1 , µ 2 , µ 3 ) are the eigenvalues of the Ricci operator at q ∈ M . It is shown that [36] the condition R.R = 0 is equivalent to
and one can consider only the three cases (µ, µ, µ), (µ, µ, 0) and (0, 0, 0) at each point, where µ is a differentiable function on M .
The following formulas hold on a gradient Yamabe soliton [13] :
where G := |∇f | 2 .
Proposition 2. Every 3-dimensional semi-symmetric nontrivial gradient Yamabe soliton manifold is locally isometric to either
Proof. If there is an open neighborhood U of q with (µ, µ, µ), µ = 0 (or (0, 0, 0), respectively), then we can see that M is Einstein. Hence M is of constant curvature and is locally isometric to either R 3 , S 3 or H 3 . Now we suppose (µ, µ, 0), µ = 0 are the eigenvalues of the Ricci operator on a small open subset of M . Let {e 0 , e 1 , e 2 } be a local orthonormal frame field around q such that (43)
Ric(e 1 , e 1 ) = Ric(e 2 , e 2 ) = µ Ric(e 1 , e 2 ) = Ric(e 0 , e j ) = 0, j = 0, 1, 2, (44) R(e 1 , e 2 ) = µe 1 ∧ e 2 all others R(e i , e j ) = 0. Let M admits a nontrivial gradient Yamabe soliton with a potential vector field ∇f = f 0 e 0 + f 1 e 1 + f 2 e 2 , where f i = g(∇f, e i ), i = 0, 1, 2. Suppose
The tangent space
Putting X = e i , Y = e j , i, j = 0, 1, 2 in (4) and using (45) give
Replacing X by e i , i = 0, 1, 2 in (41) and using (43) we get (54) e 0 (µ) = 0, 4e
In view of (46), (54) (49), (50) and (51) yields
Then we have the following cases. case 1. f 0 = 0 and λ = 4µ In this case, from equation (49) µ is constant and then (54) implies f 1 = f 2 = 0. Hence f is constant and (M, g) is a trivial gradient Yamabe soliton, contradicting our initial assumption. case 2. f 0 = 0 and λ = 4µ
Since µ is constant, equation (54) gives
Hence (52) and (53) Also from (47), (48) and (55) This case can not occur, because from (49) we get λ = 2µ. Hence µ = 0, which is a contradiction. Now we show that the combination of the three cases (µ, µ, µ), (µ, µ, 0) and (0, 0, 0) can not occur in an open neighborhood of q. Let M = F 0 ∪ F 1 ∪ F 2 such that F 0 = {x ∈ M : the eigenvalues of the Ricci opertor S at x is (µ, µ, µ), µ = 0}, F 1 = {x ∈ M : the eigenvalues of the Ricci opertor S at x is (µ, µ, 0), µ = 0}, F 2 = {x ∈ M : the eigenvalues of the Ricci opertor S at x is (0, 0, 0)}.
Then the scalar curvature on F i , i = 0, 1, 2, is |r(x)| = n(x)m(x) for n(x) in {0, 2, 3}. Since on each F i , m is constant, we deduce that m is constant on M (a continuous function taking a finite number of values on a connected space is constant). If
is continuous and takes values in Proof. Since every semi-symmetric manifold is pseudo-symmetric, it is enough to proof the "only if " part which is equivalent to L ≡ 0 on M . Assume for a contradiction there is q ∈ M which L(q) = 0 and argue like in the proof of Theorem 1.
Since g can not be of constant curvature on a small open subset of the neighborhood U containing q, then proposition 1 implies the eigenvalues of the Ricci operator S at q ∈ M be µ 1 = µ 2 := µ and µ 3 = 2L. If µ = 2L, then the restriction of g to U is an Einstein space and µ is constant on U and on M . Therefore, M 3 has constant curvature and this is a contradiction. Now let µ = 2L and Se 0 = 2Le 0 , Se 1 = µe 1 and Se 2 = µe 2 . Putting X = e i , Y = e j , i, j = 0, 1, 2 in (4) and using (16) By virtue of (16) and (18) Since f is a non-constant function, then λ = 4(µ + L). Taking derivative with respect to e i , i = 0, 1, 2 and using (68), we obtain On the other hand, in view of (61), (70) and (71), it follows that L = λ 2 . Then L = 0 and this is a contradiction. Hence f is constant, contradicting our assumption and then this case can not occur.
Proof of Theorem 2. It follows from proposition 2 and proposition 3.
